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A transport theory is developed for mixtures of dilute gases consisting of linear rotating
diamagnetic molecules in an external homogeneous magnetic field. This formalism is adequate
for a treatment of the Senftleben-Beenakker effects for gas mixtures. Starting point is the system
of linearized Waldmann-Snider equations. A complete scheme of orthogonal expansion tensors
in velocity and rotational angular momentum is given, up to tensors of third rank and power.
The moment method is applied to solve the coupled system of Waldmann-Snider equations and
the resulting system of transport relaxation equations (TRE) is stated up to third rank tensor
equations. The local conservation laws — linearized in the deviation from thermal equilibrium —

are derivated from the TRE.

In 1930 SENFTLEBEN! first observed that the
transport properties of dilute paramagnetic gases
are influenced by an applied magnetic field. Since
BEENAKKER et al.2 in 1962 found that the effect is
common to all polyatomic gases, much work on the
Senftleben-Beenakker effect has been done experi-
mentally and theoretically3. All calculations per-
formed started with an appropriate Boltzmann
equation for rotating molecules; e.g., the classical
and somewhat artificial collision model of Kacan
and Maksimov 45 the model of rough spheres® and
the more realistic quantum mechanical kinetic equa-
tion of WALDMANN and SNIDER 789 have been used.

The Waldmann-Snider equation has opened the
understanding of the Senftleben-Beenakker effect
from the quantum mechanics of molecular collision.
Starting from the linearized Waldmann-Snider
equation and using a Chapman-Enskog procedure,
McCourt and SNIDER10 have investigated the
change of transport coefficients (heat conductivity
and viscosity) in an applied magnetic field for pure
gases of rotating molecules. These changes of trans-
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port coefficients occur only if the binary molecular
scattering amplitude (matrix with respect to magne-
tic quantum numbers) possesses a nonspherical part,
which, in turn is related to the nonspherical part of
the intermolecular interactionll. The nonspherical
scattering amplitude gives rise to a partial align-
ment of the rotational angular momenta of the
colliding molecules. The saturation values of the
changes of the transport coefficients in a magnetic
field are related to this collisional alignment via
certain collision brackets of the linearized Wald-
mann-Snider collision term.

There are two reasons mainly why the transport
properties of gas mixtures in a magnetic field should
be studied. Firstly, it is interesting to study the
dependence of the magnetic field effects on the
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KINETIC THEORY FOR MIXTURES OF DILUTE GASES

underway on this subject for the heat conductivity
and viscosity by the molecular physics group of the
Kamerlingh-Onnes Laboratory in Leiden. Measure-
ments of the Senftleben effect (paramagnetic gases)
for binary mixtures have been carried out by
SENFTLEBEN and coworkers!12. The SENFTLEBEN-
BEeENARKER effect of diffusion has been studied by
Vuaerts, T1p and Los 13, but no effect could be found
within their accuracy of measurement. Recently,
also the influence of a magnetic field on the thermal
diffusion has been investigated by HIpALGO et al.14,
but with a negative result, too.

Theoretical treatments of mixtures of dilute gases
with internal degrees of freedom have been carried
out by WALDMANN and TRUBENBACHER!5 and by
ZupaxNov and ALIEFSKY 16 using the Wane CHANG-
UHLENBECK equationl?. But the Wang Chang-
Uhlenbeck equation can only be used to study
scalar phenomena (e.g. bulk viscosity and sound
absorption), i.e. phenomena which are related to
collision brackets containing the differential cross
section averaged over magnetic quantum numbers.
The magnetic field effects are tensorial phenomena
and their proper treatment is based on the Wald-
mann-Snider equation. Theoretical results for the
shear viscosity tensor for binary mixtures of dia-
magnetic gases have been obtained by T1p18 with
a classical treatment.

In the present paper, the quantum mechanical
kinetic equation of Waldmann and Snider will be
applied to mixtures of dilute gases consisting of
linear diamagnetic molecules in an external homo-
geneous magnetic field. The moment method will
be used to obtain the system of linearized (in the
deviation from thermal equilibrium) transport re-
laxation equations. As a preliminary application the
local conservation laws are derived. The magnetic
field effects will be treated in a following paper, the
relevant equations needed appear in this paper.
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It should be mentioned that the idea of solving
a Boltzmann equation with the moment method
dates back to MAXwELL19. It has been continued
by Grap20 and WALDMANN extended the method
to the kinetic theory of particles with internal
degrees of freedom, namely to rough spherical mole-
cules?! and to spin particles22. A comprehensive
treatment of the moment method is presented in a
paper of Hess and WALDMANN 23 dealing with spin
particles and the present paper may be considered
as a generalization for mixtures of rotating mole-
cules. Recently, the 17-moment method has been
applied to the polyatomic gas described by the
Wang-Chang-Uhlenbeck equation by McCorRMACK 24.
This procedure, however, proves to be a special case
of our treatment if an “’isotropic’ approximation is
made, i.e. the rotational angular momentum an-
isotropy of the one-particle distribution function is
neglected. Finally, it should be mentioned that the
moment equations are not only useful for the cal-
culation of transport coefficients in external magne-
tic and electric fields but also for the treatment of
Rayleigh light scattering 25 and flow birefringence 26
in dilute polyatomic gases.

I. General Considerations
1. Single particle description

Consider a non-reacting gas mixture of linear
molecules the K components of which are labelled
by the subscripts s or j (¢, 7 =1, ..., K).

A molecule of the species ¢ with mass m; and
internal rotational energy E;(J) (the molecules are
assumed to be in the vibrational and electronic
ground states) will be described by its position x,
its velocity ¢, and the vector operator of its internal
rotational angular momentum % J which satisfies the
commutation relation

Fydy =Ty =Sty (1.1)

19 J. C. MaxwELL, Scientific Papers, Dover Publ., New
York (first published in 1890).

20 H. Grap, Comm. Pure Appl. Math. 2, 331 [1949].

21 L. WALDMANN, Z. Naturforsch. 18a, 1033 [1963].

22 L. WALDMANN, Z. Naturforsch. 15a, 19 [1960].

23 S, Hess and L. WALDMANN, Z. Naturforsch. 21a, 1529
[1966]; 23a, 1893 [1968].

24 F. J. McCorMACK, Phys. Fluids 11, 2533 [1968].

25 S. Hess, Z. Naturforsch. 24a, 1675 [1969]; 25a, 350
[1970].

26 S. Hess, Phys. Letters 30 A, 239 [1969]. Springer Tracts
in Modern Physics 54, 136 [1970].
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For Greek subscripts (which are exclusively used
for the spatial indices of Cartesian tensors) the sum-
mation convention is used. The isotropic tensor of
third rank, ey, is totally antisymmetric with
€123 = 1.

2. Description of the collision

The gas mixture shall be sufficiently dilute so
that we can restrict ourselves to two-particle colli-
sions. The collisions will occur between molecules
of the same species as well as with molecules of all
other sorts.

The mechanical conservation laws for the collision
of two molecules (which, in general, is an energeti-
cally inelastic one) are:

mg e + my e =myer + myern, (1.2)
m ’ my s ’ ’
5 ¢ + 5 e+ By + B
mi o m 1.
= —5~05 -+ ’5{ &+ Eut Em, (19
where in the case of diatomic rotating molecules

RJy(J1+1)

EiI = 26t

ete.

with @; being the molecular moment of inertia.
Here and in the following, primed and unprimed
quantities denote the dynamical variables before
and after the collision, respectively.

If center of mass-and relative velocities are
introduced by

-, (1.4)

g=ge=cr—crr, (1.5)

and analogously for the primed quantities, the
energy equation (with m;; = myms/(m; 4 m;) being
the reduced mass) is given by
";j’ g2+ B+ B = %”‘ 9%+ Ein+ Ejun = E.(1.6)
For the quantum mechanical description of the
collision the binary scattering amplitude operator 11
is used. If the internal rotational eigenstates of a
molecule are denoted by | J M > (J is the magnitude
of the rotational angular momentum and M is the
magnetic quantum number), the projection opera-
tor on the J-subspace is given by

=>|/M><JM|. (1.7)
M
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Consider molecule I (IT) to be in a rotational level
described by J(Jy;) before the collision and in a
rotational level Jy(Jr) after the collision. Then the
single channel scattering amplitude operator (matrix
with respect to magnetic quantum numbers) is given
by

7’ 7,
a.i]iju,J 1/ (e, e" E) -

PJI PJlxaU (e, e" E) PJ'l PJ'n,
(1.8)

where the binary scattering amplitude a;; is con-
nected with the transition operator 7';; (which is
connected with the interaction potential via the
Lippmann-Schwinger integral equation, cf. Ref. 11)
by

2 k2
where k and k' are the relative wave vectors after
and before the collision, respectively.

In a more compact notation the abbreviation

(1.10)

for the single channel scattering amplitude operator
is used. The hermitian adjoint operator afj/""/""/1/1
(e, €, E) is defined in the usual way used for ma-
trices and is abbreviated with aff 1" 11T

The rotational angular momentum dependence of
ai T in the case where the nonspherical part of
the intermolecular potential is small compared with
the spherical part has been discussed in Ref. 11. The
single channel scattering amplitude satisfies the
optical theorem

Z “a}jII.I I TI IL 10X .7 dze
J'1,J'n — z *III I'Ir 'I 11,111 ldge
JtJ

h
_ ’L ij, {angI,I I (O)
ITLI 11 (O)

aij(k, k') = — k| Ty K>,  (1.9)

a’..i]len,J 11t (e e E) — aIH I'1I

(1.11)
TIII ) 1 d 0)}

where a;;
phtude 1n the forward direction e = e’ and a;
I
(¢, e, B).

If J is the angular momentum operator satisfying
(1.1) and D;(t, =, ¢, J) is any operator function, the
following notation, compatible with the definition
(1.10) will be used:

Pyt x, c1, J) PVt = Df;
Pli@(t, x, ¢r, J) P/ = OF

is the single channel scattering am-
~T'II',ITI

ete.

(1.12)

II. Description of the Gas Mixture,
Mean Values, Kinetic Equation

For a statistical description of the gas mixture
the semi-quantum mechanical distribution opera-
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tors (operators with respect to magnetic quantum
numbers) are introduced by

Plfit,x, e, )P =fl(t,x,¢). (2.1)

The f/ are polynomials in P/ J P/ with the maximal
power 2J and they are normalized to give the particle
concentration of the i-th component (tr = trace
over the 2J 4 1 magnetic quantum numbers)

ni(t,x) = > tr [f{(t, %, ¢)d3c. (2.2)
J

With g; = m;n; also particle-and mass densities of

the mixture are introduced by

K K
n=Zni, gng[.
i=1 i=1

The local mean value per particle of some opera-
tor function P/¥;(t, x, ¢, J) P/ = ‘I’;’ (t, =, ) re-
sults from the well known von Neumann formula

Fyi=3tr [/ 2 &, 2.3)
and for the whole mixture
1 K

Fy=" > mPy. (2.4)

i=1
The change of the distribution matrix f/ for the

species ¢ with time is governed by the Waldmann-
Snider equation for non-reacting gas mixtures

K
;) = t d3e
i) ,; Jz" o [ dfery (2.5)

[ILTI I’ (11, 4111, TII
{2 Ja il g g'dze
J'1.J 1
IILIII T4 41 411 +ITL,III
—[aj; OV fifi —Ffifi o (0)1} -

In Eq. (2.5) the abbreviations fI = f/ (¢, x, 1) etc.
have been used.

The streaming operator Z;(f)! is given by

oft oft | omi
D= +er L+ L, (26)
analogously to the pure gas. In Eq. (2.6) h is a unit
vector parallel to the direction of the external
magnetic field H = Hh and wg; denotes the fre-
quency of Larmor precession of the diamagnetic
moment

wi=giunJ

(un nuclear magneton) of the molecule about k

wpi=uiHhJ =giunH[h. (2.7)
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III. Discussion of the Linearized
Waldmann-Snider Equations

The gas mixture is assumed to be in a state close
to thermal equilibrium at temperature 7. The
equilibrium distribution function is

m; 3/2

£9(c, J) = n{® (@)1 (2';,,63 To ) 3.1)

- exp [— ’k’gljv; (% c® + E (J))] 2

where Q; = > (2J + 1) exp(— E;(J)/kg To) is the
J
rotational partition function and kg is Boltzmann’s

constant. The temperature and the magnetic field
strength are chosen such that a contribution of the
magnetic energy w; + H/kg T in the exponential in
(3.1) can be neglected and furthermore the influence
of the magnetic field on the collision process has
been disregarded in the collision term occuring in
Eq. (2.5). For a detailed discussion of these problems
see Ref. 9,

The non-equilibrium distribution operator is now
written in the form

flt,x,¢)=f0%,J) (1 + D/t x,¢c). (32)

In Eq. (3.2) and in the following equations, quanti-
ties which are matrices with respect to the (2J + 1)
magnetic quantum numbers have a superscript J
while in functions which depend only on J2 (‘“classi-
cal” functions @; (¢, x, ¢, J)) J appears as argument
or as subscript in an abbreviating notation, e.g.
Dy = Di(t, x, ¢, ).

If deviations from thermal equilibrium are small,
terms quadratic in @; may be neglected in Eq. (2.5)
and one has

K
Di( DN + 3 (0] (D) + w] (D)) =0,
=1 i=1,...,K, (3.3)

where, following WALDMANN 27, the collision term
has been split into two parts, the first one of which

27 L. WALDMANN, in ,,Transporterscheinungen in Gasen
von mittlerem Druck®* in Handbuch der Physik, Bd. 12,
p- 420, ed. S. FLUGGE, Berlin-Heidelberg 1958; see also
in ‘“‘Molecular Theory of Gases and Liquids” by J. O.
HirscHFELDER, C. F. Curriss, and R. B. Birp, John
Wiley, New York 1964.
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is a functional of @;, the second one of @;. The two parts are obtained from (2.5) and (3.3) as

h
0 (@)= — Z tro fd%n f;?} { Z J aIII I gl TI I\ g7 g2gr T e (@MU () T ¢£aI}II,III (0)]}

Ju J'r,J'n

(3.4a)

and

wl;!'ﬁ( = e Ztrn J.d3CIIf;?%{ z J‘ {]II I'1Ir Q)II TI 1HEgM A /dze

b yinnn I gl
lai "7 (0)P; — ‘Da‘I“}‘jIH’IH(O)]} ‘
Ji J'1,J' 11

zmij
(3.4D)

If @;(t, x, ¢, J) is a ,,classical” function (isotropic approximation of the distribution matrix with respect
to the orientations of the molecules) the expressions (3.4a, b) reduce to the form

o @Peass) T = > [ [P fR}(@Pix — Dir') triz[al T o T g7 d2e’ (3.5a)
Ju,J'1,J'1n

wi?—l (¢class )I = Z I jd3CII j;?% ¢.’III = ¢jII )trII [aIH v TI 1L IH] q "d2e’ . (35 b)
Ji, J', J'n

The following collision brackets are defined from the collision terms (3.4a) and (3.4b):

P o)) Ztrl f- f‘(o) Viw; (P)Ld3er, (3.6a)
and Po @)y =St [ W @)1 doer, (3.6b)

where ¥, @ are arbitrary functions of ¢, x, ¢, J.
The collision brackets Fo@)y =<Fo@);] +<Fo@));" (3.7)

are identical with the collision brackets (¥ w(®)>¢ for the pure gas of species ¢ which, e.g. have been
investigated by Hess and WALDMANN 23 for spin particles and which have also been considered by McCouRT
and SNIDER10,

IV. Application of the Moment Method to the Linearized Boltzmann Equations

1. Expansion tensors

After WaLpmMaNN22 and Hess and WaLDMANN 23 the function @; occurring in Eq. (3.2) is expanded
into a complete system of orthogonal irreducible tensors built up from velocity ¢ and rotational angular
momentum J

Ditxe, =3 > SO (e, D)ol ot x). (4.1)

Uy Ly
P=411'=0 k'=1

Expansion tensors of the same rank I’ and the same parity P (= 4 1) will be labelled with superscripts
k' =1,2,3, ... with respect to a special scheme of expansion. The time and space dependences of @; are
contained in the expansion coefficients aﬁ-f: A «v- The tensors are normalized in the following way (with
resect to the equilibrium distribution function)

Pk Pk 0 PP’ skk’ A(D)
<§D§“ ) ¢( . );n>( Ve ou' 0 Agu...m,m'...m" (4~2)

The isotropic tensor A? . .- .-, when applied to an arbitrary I-th rank tensor, projects out the symmetric
irreducible part of this tensor. For further properties of these isotropic tensors see HEss 28.

28 S. HEss, Z. Naturforsch. 23a, 1095 [1968].
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Inserting (4.1) in (3.2) and (2.3) shows the physical meaning of the coefficients a{f¥_, in consequent
linearization (put n; ~ n{?)

affR (b 2) =<PETP >, (4.3)

with the exception of @{*!) = 1, where a{*! = n?:“,, denotes the deviation of the particle number
i

density of species ¢ from that at thermal equilibrium.

2. The general system of linearized transport relaxation equations

Inserting the expansion (4.1) in the linearized Waldmann-Snider equations (3.3), multiplying (3.3) with
an arbitrary expansion tensor ¥  and taking the mean values ¢--->© with respect to the equilibrium
distribution function results in the general transport relaxation equations.

The time derivative in the streaming operator (2.6) just gives (3/2t) a{t® , (¢, x).

From the convection term c; (0/0x;) three contributions are obtained, namely
<¢(Pk) Ci ¢( .Pkp)z -1 (0) <Plkl l - )kl>(0)Afulz...m,m’...m'_xla
<<1><P"> ¢< SPE, ><°> (Plk|c| — Plk’ & L i B i il (4.4)
<¢(Pk) Ca Qi( .Pk M +1>§0) = <Plk | | - ) kK >(0) A(l+1#z Ay oam’ere
The reduced c-brackets are given by
{Plk|c| — P( — 1) =(— P(l—1) k’[clPlk>(°) <(Z5(P") (D( P’j,,) 39,
’ 7 l
(Plk|c| — Pl = — (Plk le| — Plk>§°):r( 1 5( i1 gﬂz}"‘z<¢ﬂx mc;,cD( Pﬁ,)l,“ o
(Plkle| — PU+1D)EYO=(— P+ 1)k |c| PlE)® = —l—jfg (BEP  y BT TR0 (4.5)

where the isotropic tensors D(” ., Aur... w OCCUTING in (4.4) are generalizations of the familiar tensor ¢y1
since they are used for the construction of generalized cross products of a vector with a I-th rank tensor.
Their general definition and some of their properties have been discussed in Ref. 28.

Analogous considerations for the precession term 1/i [h - J, @;]- lead to the following non-vanishing
J-brackets

= <¢‘P"> w T2, OFE) 0 1O =PIk |T| PE— D) EDOAD o wrsiats

L CBED 1, B 10 = (PLET| PIEYOTE. o (4.6)

<¢‘P"> w1, PEF) e 1O = (PlE|T| PR+ 1) kO AGHL

mApoom vt

The reduced J-brackets are
1

(PUE|T| Pl — 1)k = —(PI—1)F|J|PLE)® = T eET T O s PR W,
) Hi-1 M-
; 1 1
(PUE| T | PIKYD = (PUK | J | PLEY® =+ EYYey M“@ B T2, BEF) 1D,
(PLE|T|[PA+ 1) kYO = — <P+ 1)K |J|PLEYD = %g; 3 (PP W [I2, 85500100 . @)

As a consequence of the splitting of the collision operator into two parts the one of which (w;/ (D)) is
a functional of @;, the other one (w;!'(®)) a functional of @; (cf. Egs. (3.3), (3.4)) the following form is
obtained for the linearized collision term:

Z Z Z Z{@‘P"’ (P 6l ) e +<PER 0 (@ D T afiE) e} (48)

Since the collision operator is isotropic and conserves parity, the collision brackets can be decomposed into
a product of an isotropic tensor and a reduced collision bracket (,,w-matrix element’’) which vanishes
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unless the tensors @ and &F*)

H1.

(DED (o(<D(P,k),“)>,7 = 8y 6TF 4D,

H.H.RAUM AND W.E.KOHLER

» have the same rank and parity, e.g.

A reduced collision bracket, e.g. plw(“‘ )71 is then given by

pr @)

Thus the collision term (4.8) becomes

2. 2 {pof 7 el
i K

By introducing ,,total” reduced collision brackets

le(kk) p— le(kk )11 oIl O i ZPI(U(“ )—l

the form Z Zm(u(“‘ ) g{PF’ )

JH1..

2l+1

il e EEEOY ) ) 5 (4.9)

KB o (DTN - (4.10)
+ P P (4.11)
(4.12)

3

 of the collision term is obtained which is more convenient for applications.

Using ((4 4) . (4.12)) the general system of transport relaxation equations is written in the lucid form:
r—‘__l
. )
2ot TP | = PA— 00 2 a1
0
’+’<Plk|6| Plk’>(0) D(l) B T Evlpk)+<Plklc|~ l—{—l)k>(0) '7agmpky)ﬂ.
+‘ %:CUHz’ {<Plk| J | P 1) k’\(O)h/‘zag;ﬁk )m 1+ <Plk] J[ Plk >(0) D(l) - p,h}. aﬁﬁ") )

+(PUk|J| P+

3. General properties of the collision brackets

Rotational invariance and parity invariance of
the linearized collision operator have already been
used to define reduced collision brackets [cf. Eq.
(4.9)]. Another important symmetry, the time
reversal invariance of the molecular interaction
guarantees the Onsager symmetries of the collision
brackets. In the same way as it has been shown in
Ref. 23 it can be shown that for the reduced collision
brackets the following symmetries hold

©) (k) _ F'E)

n; plwi} Tka,n]( plw (4.14)

In Eq. (4.14), Ty and T’ are 4+ 1 or — 1 depending
on whether the corresponding expansion tensors
are even or odd under time reversal.

Next, some considerations on the positive semi-
definiteness of the collision brackets are made.
Using Egs. (3.4a, 3.6a) and both of the forms of
the optical theorem (1.11) one gets

(Do (@) =0, (4.15)

where @ is an arbitrary operator function @(t, x, ¢, J).
This inequality, e.g., guarantees the positive sign of
the binary diffusion coefficient (Djgoc 1/_10{"7).

0 (Pk’ kk' Pk’
1)kl>( )hlawl )mi} + Z Zle( ' §u1 ) w

=0. (4.13)

The inequality which guarantees the increase of
entropy with time is

Z Z 7 (D o (

where the total collision bracket (@ w (D)>;; is de-
fined according to (4.12). For the proof of (4.16)
consider

Z Zn(o) (D w (D)), +

Writing down the explicit expressions for the col-
lision brackets after (3.4, 3.6), using the optical
theorem and the invariance of the trace against
cyclic permutation of operators under the trace, one
can show the positive semidefiniteness of this ex-
pression. With the use of (4.12) the inequality (4.16)
follows.

The equality sign in (4.16) holds if
(@ + @I gL ILIIY — LI (@1 4 pIT)

D)y=0,  (4.16)

+ <P (@) ):

(4.17)

which is only valid if @ is a collisional invariant.
Finally, collision brackets of collisional invariants,
i.e. “classical” quantities with the property

D+ Din—Pit' — D' =0, ,j=1,...,K,
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are considered. From (3.5a) and (3.5b) one infers
(@ o (Piny)i] + (P (DPinv)>ij ' =0, (4.18)

where @;,y is a collisional invariant and @ is an
arbitrary operator function. Writing down the cor-
responding collision brackets with @ and ®jny ex-
changed one also finds after some conversions the
following equation

1 (Biay © (@))5] + 1 (Biuy o (D) | =
(4.19)

From (4.12) and (4.19) one obtains immediately

K
Z n§°)<¢mv w (¢)>1j =0.

i=1

(4.20)

Eq. (4.20) is important for the derivation of the
linearized conservation laws from the transport
relaxation equations (see Chapter VI).

V. The Truncated System
of Transport Relaxation Equations
(for a Special Expansion Scheme)

In this section the expansion tensors @{%  (c,J)
introduced by Eq. (4.1) will be specified. For this
sake it is useful to introduce the dimensionless
velocities by

Ci = Ymif2ks Toe, (5.1)
and the dimensionless internal energies by
eg(J)y=h2J(J +1))20;kgTy. (5.2)

Furthermore, irreducible I'" rank tensors built up

from the rotational angular momentum vectors J of
Eq. (1.1) are introduced by 29

2l 2 — 1/
Supye () = Y EFLE OB To_ i3 (5.3)
R S |
J/lx o J”l ’

where {--->¢ denotes an equilibrium mean value. In

(5.3), Jyu, *++Jy, is the I'" rank irreducible angular
momentum tensor used in Ref. 23 and

22 +1):
29 Note, that the tensors S, , defined by Eq. (5.3) differ
from the corresponding tensors used in Ref. 11 in the
sense that the tensors occurring in Ref. 11 are normalized
within the J-subspace while the tensors used in the
present paper are, similar to the treatment in Ref. 10,

normalized with respect to the whole J-variety.

Toy=JJ +1)— (5.4)
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According to (2.1) the angular momentum tensors
projected into the J-subspace are
S =P8,

w1, PJ
with S/, , =0 for I =2J. The S}, ,-tensors

then obey the following normalization property 29

Q Z tr {S‘llll S;Il'l Ry } exp — & (J))
— 8y 4

Hleeo 41, V1oa V1

...l

(5.5)

where ; is the rotational partition function for the
species 4.

With respect to the dependence on the internal
energies or on ¢&;(J) polynomials in & (J), the so
called ,,Wang Chang-Uhlenbeck polynomials’ 17
P{" can be constructed using a Schmidt orthogo-
nalization procedure (cf. Ref. 15). The polynomials
are orthonormalized according to10

S S PP (T) PO ()
== A(l)

,, omn (5.8)

el V1.

A general I-th rank expansion tensor is then con-
structed from an irreducible tensor in the dimension-
less velocity C;,,---Cs, , multiplied by a Sonine
polynomial S{") , (Cf) in C; where I',n = 0,1, 2, ...,
cf. Ref. 23, which is combined with an irreducible
tensor Sw1 - multiplied by a Wang Chang-
Uhlenbeck polynomial to give a /' rank irreducible
tensor. The tensors obtained in this way must be nor-
malized according to Eq. (4.2). The total power of
an expansion tensor is given by the power in C; plus
the rank of the S, . tensor plus twice the power
in & of the Wang Chang-Uhlenbeck polynomial.

The first two Wang Chang-Uhlenbeck polynomi-
als are

PO — (5.7a)
PR = [(e2){” — <e>§°’2]-1'2 (&1 — (D)
= Ve — 0O, {B.7b)

where ¢; is defined in (5.2) and ¢{%), ; is the rotational
part of the heat capacity per molecule ¢ at the
equilibrium temperature 7. For the following
treatment only these two Wang Chang-Uhlenbeck
polynomials will be needed.

In the first table the complete scheme of
expansion tensors up to the third rank and the
total power 3 is listed. The symbols @;y, ..., (¢, J)
and ¥,,, ., (¢, J), respectively, characterize here
true and pseudo tensors of rank I. For the treatment

of special transport and relaxation phenomena in



Total Scalars PIT Vectors PIT 2nd rank Tensors PIT 3rd rank Tensors PIT
power

0 =1 +0+

1 o) =y20,, =1 =

1 P = 8y +1-—

@ _1/2 2 -

2 eP =5 +o+ ? (L) =y2CuCi +2+

2 P =N — <) o+

< DG = Siur +24

2 : ; —

e e —1+ W) =y2 Cusy —2+

: (3) _ 2 i .

s P Y5 ((’ ) Ciu —1- ‘sz =3 CiuCivCia ey G

3 O =y2Ni(et — (M) Coy —1—

; YT a-vs -

3 WO = Nilei — <8 +1—

(5) 6 (2) (2)
3 q)m . 5 Siur Civ === q’iuv = V3 Siva Cio €ure -2 Diva =)2 CiuSiva —
6 —— 2 — e

3 Wl(/é) = 1/ 5 Ciu CivSiv + | B (DS: == V3 Sig Civ Ci;. Euro + 2— y’z(;}v)l = V2 C“‘ Ct,. S“ + 3—

3 lIlz;w} = S{uv}. + 3—

Table 1. Special scheme of expansion tensors up to the third rank and total power = 3 (P = parity, ! = tensor rank,

The abbreviation N; = ]/kg/cf.g)t,i is used.

T = sign under time reversal).
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Scalars

O ), & ja g (1)
2% 13 Y3 div aj;

=0

0 c{® K 3 , ,
ol az'Z) o é le(V2 agzl) e V5 a(l-"l)) + Z‘; ot w2 +0w£}2k)a§k) =0
];—_ -
a o ¢ o S R G ()
% + 5 Y3divae; e o 0w (k) _ o
at ® 3 V jig yéz+ 9
Pseudoscalar
0 10 2, K
LR R dw b“’+]/ b‘2’+V B?) — V 5 onih-a® + 3 owglb? =0
i=1
Vectors
O % ad o @, o]/2 9 m S k) )
o i + g 8radu (V3a;’ +y2a;”) 4 c; I 3 ax [ + 21 k,zl_ww aj,’ =0
0

3 0 1
21/ (1)
3 /

0 o @ 4
at + ‘; grad,,[/o a4 5 ax az/tv

2 0
‘2’+[/ onihu b0 + §oni (b x aP)a + % oty (76 6 + 250 +y5 6 + 124

(3)

(1)
v' Uiy — V2 oy bmv

K 5

2k') (k")

* Zl :2‘1_1 51 )a;H =0
i=1 K=

5
S (3k') (k")
+ 2 ¥ aowj e’ =0
j=1 k=1

6l K 5
- (4’6) (k')
a au, + V3 grad,,al +j§1 k,Z=1 -0 " @y, =0
0 0 3 9 E 5
ot am + $ oni (h X a1 )Il + 5 V5 ax asﬁ: + VIO wHihvb;;u): + '21 k'z . _1a)§?k )(Z;/’ﬁ ) — 0
) i1 ¥=
Pseudovectors
0 es? 0 ¢ K 4 "
ai 5}‘)+ . gr ad, b0 — V‘ﬁ roty af® + wai(h x by, + ° V3 B b,‘uz 4 '21 k; aolF)5EY _ o
j= =
@ o  _ (@) 9 (1) £ & W) k)
bm + gra‘dll V3 b; — 3 roty “1, + opi (h X bi")u + '; V2 a}t' bmv + 'Zl L’Z : b}ﬂ =0
i=1 ¥=
a K4 o
o b+ omi(h x b, ¥ 1o _o
j=1 k=
0 c{° 10 ” OHi 3 2 0 Kk &
o O + }, grad,, V b{D — "5 rotu Y5 af® — “ (b x b)) — wni 5 |5 halin e e + 32 e W BE) _ g
Table 2

SASVO FLNTIA 40 STYNLXIN YOA4 AYOHTHL DILINIM

L8II



Second rank Tensors

W, /2 1) /3 9, 09 E & a
w2«+ 1)1 36::: @y + %o V;a “af) + cf B Yinvd +§ % 1204 Gy =0
) ® & oy @ i § L) )
ot iy + V5 ax l,lw + 2 wgi Ou,a, wvhy az,u’v’ + V2 Cur,awv - 1..“ v' A== V3 Ci az pvn = = Wi Ay =
a u® 2V2 9 ) ) $ 038 a0
iy + c” a o u - sz hub) + § wmi Cuv,a,uv ba aw + Duv u'v’ B byt — V% onihyb v + ; ,é +20 Gy =0
Second rank Pseudotensors
|
0 v, omGo ® O (/3D 1 ygp( ) 9 o ()
o bm’ + 71/2 + xy- V3 bi +V i A== VIO b Duv,l,u'w' o am ~+ wri Tuy,a,uv h;. m'v’ + V§- Yo buwn
K 2
- 1K) 3 (k
+3 3 a0l 8) =0
7=1 =
a - o ) 9 2 1 (Zk ) 1 (k")
7 b(”%)ﬂ Vl() iy a - ;3 l/2 O wv, 2,00y ax;, aﬁ}vr + § o Our,auy ha bgﬂ)',,' 4 V% i hx (lgj‘uz,x +j ;1 k% —20Wqj bmv =0
Third rank Tensors
K 2
1 ) (1K) (k")
(;lali. +e¥ 3 *7 all) +J%1 é -3y @y =0
g 9 @ .z @ @) +y i o) ), — 0
785 alﬂ"’- + V3 ax ~Qjyp — V§ WH;i hll bivl + 2wmHi Cuva,n,urv o’ by (e iZ1 #S1 -3 Juvd —
Third rank Pseudotensors
o (1) @) oy O_ 1) +’§ Z S0l ) ¢
ot biuvl i V% omihyay) + V% Cy a;: bwl + %’wHi wviy e uv' 2 bw v A 2 i Juv i
0 K 2
2 w2, + Bl 2B 3 e
j=1k'=1

Table 2. Special system of transport relaxation equations
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gas mixtures (e.g. the heat conductivity and vis-
cosity in the presence of a magnetic field) only some
of these tensors are important.

With the expansion tensors of Table 1, the re-
duced c-brackets and the reduced J-brackets are
calculated. Inserting the results into Eq. (4.12)
yields the special truncated system of transport
relaxation equations up to third rank expansion
tensors with total power =< 3. In Table 2 which
shows this special system (which is relevant for the
treatment of the various transport and relaxation
phenomena like diffusion, thermal diffusion, thermal
conductivity and viscosity in gas mixtures in an
external magnetic field) I-th rank tensors with parity
(— 1)? are denoted by a;y,...,; and I'* rank tensors
with parity P = (— 1)¥*1 are denoted by biy,...ut
(pseudo tensors). The abbreviation ¢{ = |/3 kg To/my
is used.

VI. Local Conservation Laws

As a preliminary and simple application of our
system of transport relaxation equations the local
conservation laws for particle number, energy and
linear momentum, linearized in the deviation from
thermal equilibrium, are derived in this chapter.

1. Particle number

The first one of the scalar equations of Table 2
is identical with the continuity equation. Since

@ _ m—n

" (6.1a)
and aV~ )3 <c’;'o>j , (6.1D)
one obtains immediately

2 ni4 n® div (e =0. (6.22)

Summing (6.2a) over ¢ yields the linearized conti-
nuity law

—aaztb——}—nodjvw:O, (6.2b)

where w is the mean particle velocity defined by
w =2 ni”<e)ifno. (6.3)

At this point also the mean mass velocity is intro-
duced by

v =2 0{” {e)iloo (6.4)
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Multiplying (6.2a) with m; and summing over 7 then
results in the continuity equation for the mass
density

0o/t + godive = 0. (6.5)

2. Energy

The second scalar equation of Table 2 is multi-
plied with |/§ and the third one with |/c(3) ; k5 and
then both equations are added. The resulting equa-
tion is multiplied with #{”) and the sum over 7 is
taken. Then theorem (4.20) can be applied, since

3 Crot
V’g P + V 5 D oc E; 1o — B, t0tD0

is a collisional invariant. Thus, the following

equation is obtained:

; o) “/2 a® 4 ]/ '°"a(3)+ V
e div |/ a® 1+ /e )| 0. 66)

(3)

d1v a(l)

The scalars a{* and a{® are, in the linearized theory,
related to the translational and rotational temper-
atures which themselves are defined by the cor-
responding parts of the molecular energy:

- .
(1/:_2) . l %_ tran;%‘__o ’ —
> l/ o (Ke>y — <g>(0)) ~ l/ fati Tl‘ot i -i To

C( ,
(6.7b)

where T, ; and T’ ; are the translational and
rotational temperatures of species 7. Since only
small deviations from thermal equilibrium are con-
sidered the temperature of the gas mixture can be
defined by

T~ [ 3l (60 + Hhp)] ™ 3, (el ook

+3 kB Ttrans z) fO)
The total heat flux is given by

am SOk T Se + [ 8] @)

(6.8)

Inserting Eqgs. (6.7—6.9) into Eq. (6.6) yields the

local energy balance (in the linearized form)

no(3 ks + Cg.%)t) 0T /ot + nokp Todivw + divg =0,
(6.10)

where

9 = (1/mg) zn“’) 0. (6.11)
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3. Momentum
The first one of the vectorial equations of Table 2
is multiplied with n{” m;c{” and the summation
5 o > 1
over ¢ is performed. Since mjciy =3 mic{® DL
is a collisional invariant, the theorem (4.20) gives

a0 mic”_y ¥ =0 for k=1---00. (6.12)

(2

Now, the symmetric traceless part of the linearized
pressure tensor is given by

P = |2k To S al) , (6.132)
i
and the linearized isotropic part is
P = nokp Trans + (n — no) kg To. (6.13b)

With (6.12), (6.13) the first vector equation of
Table 2 yields the local balance of linear momentum

E. HILF

in the familiar form

? » | pur

00 'at ’Uu—*-*ax‘:"f"a;T:O. (614)
Because the collision term is local, an antisymmetric
part of the pressure tensor does not occur (for a

discussion of this problem see Ref.9).

The local conservation laws appear as the most
simple applications of the special system of trans-
port relaxation equations. Further applications, in
particular the treatment of the Senftleben-Beenak-
ker effect of thermal conductivity, viscosity and
diffusion for a binary mixture (especially for a
mixture of rotating molecules with a noble gas) will
be given in a forthcoming paper.

The authors are indebted to Prof. Dr. L. WALDMANN
and Dr. S. HEss for stimulating discussions.

Oberflichenspannung und Thermodynamik des perfekten Gases
EBERHARD HILF

Physikalisches Institut der Universitat Wirzburg

(Z. Naturforsch. 25 a, 1190—1202 [1970] ; eingegangen am 9. Januar 1970)

A thermodynamic system of N Fermions or Bosons, bound by an external potential but with
almost no additional contribution of the interaction energy between the particles to the binding
of the system is called a bound perfect quantum gas. Its single particle energy level density o (¢)
depends on the properties of the external potential. This is chosen to be zero inside and infinite
outside a given arbitrary simple connected closed shape. Within the leptodermous assumption
N1/3 > 1 then g (&) can be written explicitly as a sum of three terms which are proportional to the
volume, surface, curvature tension. Its thermodynamics is developed: 1) one thermodynamic
variable can be eliminated, reducing the phase space dimensions; 2) the Gibbs — Duhem relation
is disfigured only by surface — and curvature terms, stating that the system is still makroscopic-
ally homogenious except in the surface area, where e.g. the particle density falls down to zero
smoothly; 3) the Landsberg-definition p - V' = % U still holds, confirming that our microscopically
defined system is macroscopically a perfect gas in the sense of Landsberg, despite the surface

phenomena. In the appendix the advantages of an operatorlike shortwriting of the partial deri-

vative notation are demonstrated.

Es wird die Thermodynamik eines rdumlich be-
grenzten perfekten Gases aufgebaut.

In der klassischen Physik wurde ein Gas meist
als ,,ideal*‘ bezeichnet, wenn es der thermischen Zu-
standsgleichung p-v = T (Druck p, spezifisches
Volumen v: = V/N. Der Boltzmann-Konstanten ist
der Wert 1 zugeordnet. Die Temperatur 7' kann in
erg gemessen werdenl) geniigt oder zumindest die
mittlere Energie pro Teilchen u(7'): = U/N nur von

Sonderdruckanforderungen an Dr. E. HiLF, Physikalisches
Institut der Universitat Wiarzburg, D-8700 Wiirzburg,
Rontgenring 8.

der Temperatur abhéngt. (In der Zuordnung B=:4
sei die unbekannte Grole 4 durch die als bekannt
angenommene Grofle Bdefiniert, B= : 4<=>A4:= B.)
Diese makroskopischen Relationen gelten aber nur
fir Fermionen- oder Bosonengase hoher Temperatur
und groBer Verdinnung, falls die thermische Wel-
lenldnge %/(3m T')1/2 klein gegen die mittlere Reich-
weite der Zweiteilchenkrifte geworden ist. Die
makroskopische Definitionsrelation p - v = % u von

1 Siehe z.B.: St'ssmaxw, G. u. E. HiLr, Thermodynamik,
in Vorbereitung.



